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It is conjectured that all suﬃciently large integers satisfying some
necessary congruence conditions are the sum of four cubes of
primes. In this paper, it is proved that the conjecture is true for
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conditions. This improves the result 1.5% due to Ren (2003) [8].
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1. Introduction
It is conjectured that all suﬃciently large integers  satisfying some necessary congruence condi-
tions are the sum of four cubes of primes, i.e.
 = p31 + p32 + p33 + p34. (1.1)
But such a strong conjecture is out of reach at present.
Let L be the set of integers  which can be written as (1.1). Roth [9] showed that
∑
N
∈L
1  N
log8 N
.
This result can be viewed as an approximation to the above conjecture.
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∑
N
∈L
1 βN, (1.2)
where β = 1/320. It therefore follows that the conjecture is true for a positive proportion of positive
integers.
The purpose of this paper is to give an improvement for the β in (1.2). In fact, we will prove
Theorem 1.1. In (1.2), β = 1/173.12 is acceptable.
Denote by K the set of positive integers  satisfying the following conditions:
2|,  ≡ ±1,±3 (mod 9),  ≡ ±1 (mod 7).
Then we have
∑
N
∈K
 25
126
(1+ ε)N.
For  /∈ K, if  can be written as (1.1), then at least one of the pi takes value in the set {2,3,7}. So
the number of those  with  N is O (NL−3). As a result, we can reformulate our theorem as
Corollary 1.2.We have
∑
N
∈L∩K
1>
1
34.35
∑
N
∈K
1.
It follows that conjecture (1.1) is true for at least 2.911% of the integers in K.
The improvement of Theorem 1.1 leads to the improvement of some other related problems. For
example, we have
Theorem 1.3. Every suﬃciently large even integer is a sum of eight cubes of primes and 341 powers of 2.
Theorem 1.3 gives a slight improvement of the result of Lü and the author [5]. The improvement
comes from the following Lemma 2.1, and the proof of Theorem 1.3 follows the same line. So we may
be brief, and refer to [5] for details. In this short paper, we only give the proof of Theorem 1.1.
Notation. As usual, ϕ(n) and τ (n) denote the Euler quotient function and the divisor function, re-
spectively. We write N for a large integer, and L = logN . Further, r ∼ R means R < r  2R .
2. Outline of the proof
As the values in [8], let N be a large integer, δ = 10−4, and
U =
(
N
16(1+ δ)
)1/3
, V = U5/6.
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p1, p2 ∼ U , p3, p4 ∼ V .
The key step of the proof of our theorem is the following mean-square estimate for r().
Lemma 2.1. For r() deﬁned as above, we have
∑
N/9<N
r2() < bU V 4L−8,
where b = 147185.22.
With this lemma, the proof of our theorem is immediate.
Proof of Theorem 1.1. By Cauchy’s inequality and Lemma 2.1, we have
{ ∑
N/9<N
r()
}2

{ ∑
N/9<N
r()>0
1
}{ ∑
N/9<N
r2()
}
 bU V 4L−8
{ ∑
N/9<N
r()>0
1
}
.
While by the prime number theorem, one has
∑
N/9<N
r()
∑
p1∼U
1
∑
p2∼U
1
∑
p3∼V
1
∑
p4∼V
1 (1− ε) U
2V 2
log2 U log2 V

(
54
5
)2
(1− ε)U2V 2L−4.
Thus we get that
∑
N/9<N
r()>0
1>
(1− ε)2
b
(
54
5
)4
U3 >
N
173.12
.
This proves the theorem. 
Now it remains to prove Lemma 2.1. To this end let 0 |n| N , and denote by ρ(n) the number
of solutions of the equation
n = p31 + · · · + p34 − p35 − · · · − p38 (2.1)
subject to
p1, p2, p5, p6 ∼ U , p3, p4, p7, p8 ∼ V . (2.2)
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ρ(n) bU V 4L−8. (2.3)
On the other hand, it is easily seen that
∑
N/9<N
r2() ρ(0). (2.4)
Thus, Lemma 2.1 is a consequence of (2.3) and (2.4) with n = 0.
3. Application of the circle method
To apply the circle method, we deﬁne our major arcs and minor arcs as follows. Let B is suﬃciently
large in terms of A. Let M(q,a) denote the interval [a/q − LB/U3,a/q + LB/U3], and write M for
the union of all M(q,a) with 1  a  q  LB and (a,q) = 1. The minor arcs m are deﬁned as the
complement of M in [LB/U3,1+ LB/U3]. Note that M(q,a) are disjoint.
Let 0 |n| N . For each m with U <m 2U , denote by R(m) the number of solutions of
n =m3 + p32 + · · · + p34 − p35 − · · · − p38
subject to
p2, p5, p6 ∼ U , p3, p4, p7, p8 ∼ V .
Let
Φ(λ, X) =
2X∫
X
e
(
u3λ
)
du, Ψ (λ, X) =
2X∫
X
e(u3λ)
logu
du.
We record the following lemma, which is a modiﬁcation of Lemma 4.7 of Liu and Tsang [6].
Lemma 3.1.We have
∞∫
−∞
Φ(λ,U )Ψ (λ,U )
∣∣Ψ (λ,U )∣∣2∣∣Ψ (λ, V )∣∣4e(−nλ)dλ
= 1
3
∫
D
dv1 · · ·dv4 du1 · · ·du3
v2/31 · · · v2/34 u2/31 · · ·u2/34 log v1 · · · log v4 logu1 · · · logu3
,
where
D = {(v1, . . . , v4,u1, . . . ,u3): V 3  v1, . . . , v4  8V 3, U3  u1, . . . ,u4  8U3}
with u4 = n + v1 + v2 − v3 − v4 + u1 + u2 − u3 .
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J (n) =
U3LB∫
−U3LB
Φ(λ,U )Ψ (λ,U )
∣∣Ψ (λ,U )∣∣2∣∣Ψ (λ, V )∣∣4e(−nλ)dλ. (3.1)
Deﬁne
Sd(n) =
∞∑
q=1
Td(n,q), (3.2)
where
Td(n,q) =
q∑
a=1
(a,q)=1
S(q,ad3)C3(q,a)C4(q,a)
qϕ7(q)
e
(
−an
q
)
(3.3)
and
S(q,a) =
q∑
m=1
e
(
αm3
q
)
, C(q,a) =
q∑
m=1
(m,q)=1
e
(
αm3
q
)
.
Now we give the main result of this section which leads the improvement of the paper.
Lemma 3.2. Let 0< ξ < 11/90 and D = Nξ . LetSd(n) and J (n) be deﬁned as in (3.2) and (3.1), respectively.
Deﬁne Ed(n) by
∑
m∼U
m≡0 (mod d)
R(m) = Sd(n)
d
J (n) + Ed(n).
Then we have
(i) The singular series Sd(n) is absolutely convergent, and satisﬁes
Sd(n) 	 1
uniformly in d and n.
(ii) J (n) is positive and satisﬁes
J (n) 571.441UV 4L−7. (3.4)
(iii) For any complex number ηd with |ηd| τ (d),
∑
dD
ηdEd(n) 	 UV 4L−A . (3.5)
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on Brüdern [1]. Now we prove 0< ξ < 11/90 and (3.4) in the following.
(3.10) in [8] with Lemma 3.1 gives
J (n) =
∞∫
−∞
Φ(λ,U )Ψ (λ,U )
∣∣Ψ (λ,U )∣∣2∣∣Ψ (λ, V )∣∣4e(−nλ)dλ + O (UV 4L−3B)
= 1
3
8V 3∫
V 3
dv1
v2/31 log v1
· · ·
8V 3∫
V 3
dv4
v2/34 log v4
8U3∫
U3
du1
u2/31 logu1
×
8U3∫
U3
du2
u2/32 logu2
min(8U3,x−U3)∫
max(U3,x−8U3)
du3
u2/33 (x− u3)2/3 logu3
+ O (UV 4L−3B),
where we have written x = n + v1 + v2 − v3 − v4 + u1 + u2. Denote by I the innermost integral
in (3.10). Clearly, if x  2U3 or x  16U3, then we have x − U3  U3 or x − 8U3  8U3, and hence
I = 0. For 2U3 < x< 16U3, we have, by making the substitution u3 = xu,
I  (1+ ε)x−1/3L−1
min(8U3/x,1−U3/x)∫
max(U3/x,1−8U3/x)
u−2/3(1− u)−2/3 du
= (1+ ε)U−1L−1θ−1/3
min(8/θ,1−1/θ)∫
max(1/θ,1−8/θ)
u−2/3(1− u)−2/3 du,
where we used the substitution x = θU3. Let
F (θ) = θ−1/3
min(8/θ,1−1/θ)∫
max(1/θ,1−8/θ)
u−2/3(1− u)−2/3 du, θ ∈ [2,16].
We will prove in Section 5 that
F (θ) F (9) < 1.13408= I∗. (3.6)
Then,
J (n) 1+ ε
3
I∗U−1L−1
( 8U3∫
U3
du
u2/3 logu
)2( 8V 3∫
V 3
dv
v2/3 log v
)4
+ O (UV 4L−3B)
< 3
(
18
5
)4
(1+ ε)I∗UV 4L−7 + O (UV 4L−3B)
< 571.441UV 4L−7.
This proves (3.4).
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Deﬁne for any measurable set B,
vd(n,B) =
∫
B
fd(α)g(α)
∣∣g(α)∣∣2∣∣h(α)∣∣4e(−nα)dα,
with
fd(α) =
∑
m∼U
m≡0 (mod d)
e
(
m3α
)
, F (α) =
∑
dD
ηd fd(α).
And let
g(α) =
∑
p∼U
e
(
p3α
)
, h(α) =
∑
p∼V
e
(
p3α
)
.
Then we have vd(n) = vd(n, [0,1]), and∣∣∣∣∑
dD
ηdEd(n)
∣∣∣∣∑
dD
|ηd|
∣∣∣∣vd(n;M) − Sd(n)d J (n)
∣∣∣∣+
∣∣∣∣∑
dD
ηdvd(n;m)
∣∣∣∣.
To treat the contribution from the minor arcs, we apply Proposition 2.2 from [4]:
Lemma 3.3. Let D = pθ with θ < 1130 , and (ηd)D1 a sequence of complex numbers satisfying |ηd|  1. If B is
suﬃciently large in terms of A, then
∫
m
∣∣F (α)∣∣2∣∣g(α)∣∣2∣∣h(α)∣∣4 dα 	 UV 4L−A,
where the implied constant depends on A.
By Cauchy’s inequality, Lemma 3.3 and (5.8) in [1], the contribution from the minor arcs can be
handle as follows:
∑
dD
ηdvd(n;m) =
∫
m
F (α)g(α)
∣∣g(α)∣∣2∣∣h(α)∣∣4e(−nα)dα
	
(∫
m
∣∣F (α)∣∣2∣∣g(α)∣∣2∣∣h(α)∣∣4 dα)1/2
( 1∫
0
∣∣g(α)∣∣4∣∣h(α)∣∣4 dα
)1/2
	 (UV 4L−A)1/2(UV 4L)1/2
	 UV 4L−A/2+1/2.
Now it only remains to prove
∑
dD
|ηd|
∣∣∣∣vd(n;M) − Sd(n)d J (n)
∣∣∣∣	 UV 4L−A,
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we give Lemma 3.2. 
The following lemma is (4.5) of Brüdern [1], and it will be used in Section 4.
Lemma 3.4. For d with (d,6) = 1, we have
Sd(n) =
{
1+ T1(n,3) + T1
(
n,32
)} ∏
pd
p =3
{
1+ T1(n, p)
}∏
p|d
{
1+ T p(n, p)
}
.
4. Application of the sieve methods
In this section, we need the following lemmas of Ren [8].
Lemma 4.1. Let K (n, p) denote the number of solutions of
y32 + · · · + y34 − y35 − · · · − y38 ≡ n (mod p)
with 1 y j  p − 1. Then we have
pK (n, p) = (p − 1)7 + E,
where for p ≡ 2 (mod 3),
E =
{
−(p − 1), p|n,
1, p  n,
and for p ≡ 1 (mod 3),
|E| (2√p + 1)5(p − 1)(2p + 1).
It therefore follows that K (n, p) > 0 for p  11.
Lemma 4.2. For i = 1,2, let H(n, pi) denote the number of solutions of
x3 + y32 + · · · + y34 − y35 − · · · − y38 ≡ n
(
mod pi
)
with 1 x pi , 1 y j < pi and (yi, p) = 1. Then we have
pH(n, p) = p(p − 1)7 + E∗,
where E∗ = 0 for p ≡ 2 (mod 3), and
∣∣E∗∣∣ 2√p(2√p + 1)5(p − 1)(2p + 1)
for p ≡ 1 (mod 3). Moreover, we have H(n,32) > 0 and H(n, p) > 0 for all p.
Lemma 4.3.We have S1(n) > 0.
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P (z) =
∏
p<z
p∈P
p.
To prove (2.3), it suﬃces to get a proper upper bound estimate for
∑
m∼U
(m,p(z))=1
R(m).
To this end, we will apply Lemma 9.1 of Kawada and Wooley [3], which is a weighted version of
Iwaniec’s linear sieve [2].
If d has no prime divisor beyond P, then we deﬁne
ω(d) = Sd(n)/S1(n), (4.1)
where S1(n) > 0 is guaranteed by Lemma 4.3. It follows from Lemma 3.4 that ω(d) is multiplicative,
and for p ∈ P,
ω(p) = 1+ T p(n, p)
1+ T1(n, p) .
Now by (3.3), one has
1+ T p(n, p) =
p∑
a=1
C(p,a)|C(p,a)|6
(p − 1)7 e
(
−an
p
)
= p K (n, p)
(p − 1)7 .
(4.12) of [8] shows
1+ T1(n, p) = H(n, p)
(p − 1)7 .
Thus,
ω(p) = p K (n, p)
H(n, p)
.
Thus, by Lemmas 4.1 and 4.2 and (4.1), we have
0ω(p) < p, ω
(
pl
)= 1+ O (p−1)
for all p ∈ P and positive integer l.
Write X = S1(n) J (n), then by Lemma 3.2,
∑
m∼U
m≡0 (mod d)
R(m) = ω(d)
d
X + Ed(n).
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log(UV )
log z
= 2.
Now for any sequence (am), (bk) with
|am| 1 and |bk| 1,
one has, by Lemma 3.2,
∑
1mU
am
∑
1kV
bkEmk 	
∑
1dD
τ (d)Ed 	 UV 4L−A .
So by Lemma 9.1 in [3], we have
∑
m∼U
(m,P (z))=1
R(m) < eγ (1+ ε) J (n)S1(n)W (z),
where γ denotes Euler’s constant, and
W (z) =
∏
p∈P
p<z
(
1− ω(p)
p
)
.
An upper bound of J (n) is given in (3.4). So it remains to estimate S1(n)W (z), which, by (4.18)
in [8], is
= (1+ T1(n,3) + T1(n,32))(1+ T1(n,7))
×
∏
11p<N11(1−ε)/180
(
1− 1
p
)(
1+ E
∗ − E
(p − 1)8
)
×
∏
pN11(1−ε)/180
(
1+ E
∗
p(p − 1)7
)
. (4.2)
Now we go to estimate each term in (4.2) separately. (4.21) and (4.23) in [8] show that
0< 1+ T1(n,3) + T1
(
n,32
)
< 1.64063, (4.3)
and
0< 1+ T1(n,7) 1.65625. (4.4)
By Mertens’ theorem, we have the estimate
∏
11p<N11(1−ε)/180
(
1− 1
p
)
< 71.5910e−γ (1+ ε)L−1. (4.5)
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∣∣E∗ − E∣∣ (p − 1),
and for p ≡ 1 (mod 3),
∣∣E∗ − E∣∣ (2√p + 1)6(p − 1)(2p + 1).
Thus for p  17166,
|E∗ − E|
(p − 1)8 <
1
p5/2
,
and consequently
∏
11p<N11(1−ε)/180
(
1+ E
∗ − E
(p − 1)8
)

∏
p11
p≡2 (mod 3)
(
1+ 1
(p − 1)7
)
×
∏
11p<17166
p≡1 (mod 3)
(
1+ (2
√
p + 1)6(2p + 1)
(p − 1)7
)
×
∏
p17166
p≡1 (mod 3)
(
1+ 1
p5/2
)
< 1.32403, (4.6)
where we have used the following rough numerical estimates:
∏
p11
p≡2 (mod 3)
(
1+ 1
(p − 1)7
)
< 1+
∑
n10
1
n7
< 1+ 10−6,
∏
p17166
p≡1 (mod 3)
(
1+ 1
p2
)
< 1+
∑
n17166
p≡1 (mod 3)
1
n5/2
< 1+ 1
3
∞∫
17164
du
u5/2
< 1.00001
and
∏
11p<17166
p≡1 (mod 3)
(
1+ (2
√
p + 1)6(2p + 1)
(p − 1)7
)
< 1.32402.
Similarly, we have for p  17166,
|E∗|
p(p − 1)7 <
1
p2
.
Hence
∏
pN11(1−ε)/180
(
1+ E
∗
p(p − 1)7
)

∏
pN11(1−ε)/180
(
1+ 1
p2
)
< 1+ ε. (4.7)
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∑
m∼U
(m,p(z))=1
R(m) < bU V 4L−8, (4.8)
where b = 147185.22. The number of solutions of (2.1) subject to (2.2) is clearly less than or equal
to the left of (4.8), i.e. we have ρ(n) bU V 4L−8. This proves (2.3), and Lemma 2.1 now follows from
(2.4). 
5. The upper bound of F (θ)
In this section, we give the proof of (3.6). We can rewrite F (θ) as
F (θ) =
⎧⎨
⎩
θ−1/3
∫ 1−1/θ
1/θ u
−2/3(1− u)−2/3 du, θ ∈ [2,9],
θ−1/3
∫ 8/θ
1−8/θ u
−2/3(1− u)−2/3 du, θ ∈ [9,16],
and prove that F (θ) has a maximum value at θ = 9.
Obviously, F (θ) nonincreases in the interval [9,16]. Thus,
F (θ) F (9), θ ∈ [9,16].
It remains to prove that
F (θ) F (9), θ ∈ [2,9].
We observe
F ′(θ) = 2θ− 13
[(
1− 1
θ
)− 23(1
θ
)− 23 1
θ2
]
− 1
3
θ−
4
3
1−1/θ∫
1/θ
u−
2
3 (1− u)− 23 du
=
{
6
θ
[(
1− 1
θ
)− 23(1
θ
)− 23 ]
−
1−1/θ∫
1/θ
u−
2
3 (1− u)− 23 du
}
1
3θ4/3
>
{
6
9
[(
1− 1
9
)− 23(1
9
)− 23 ]
−
1−1/9∫
1/9
u−
2
3 (1− u)− 23 du
}
1
3 · 94/3
> 0.0135.
Thus, F (θ) also nondecreases in the interval [2,9]. Hence, we prove that F (θ) has a maximum value
at θ = 9. Then,
F (θ) F (9) < 1.13408 = I∗,
from easy numerical calculations.
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